Localization in antidot lattices subjected to a magnetic field is numerically studied. Oscillations of the localization length with periods of Φ 0 /2 and Φ 0 , where Φ 0 is a flux quantum h/e, as a function of flux passing through a unit cell are obtained and an insulator-quantum Hall transition point where the Fermi level crosses extended states is identified. It is revealed that extended states float up in energy and disappear at a critical magnetic field. The results are in good agreement with recent experiments.
I. INTRODUCTION
An antidot lattice is a two-dimensional (2D) electron system modulated by an array of strong repulsive potential called antidot. This system is usually realized in semiconductor heterostructures such as GaAs/Al x Ga 1−x As with the use of microfabrication technique. In recent experiments on insulator-quantum Hall transition in antidot lattices, 1 characteristic and intriguing localization phenomena were observed. The purpose of this paper is to clarify localization in antidot lattices in the presence of magnetic fields.
In actual antidot lattices in magnetic fields, electrons at the Fermi energy are localized due to inherent disorder except at critical magnetic fields of insulator-quantum Hall transition and plateau-plateau transition of the quantum Hall effect. The main cause of disorder is not impurities but fluctuations of the antidot potential itself.
2,3
The experimental results show the peculiar localization phenomena such as an oscillation of resistivity as a function of flux passing through a unit cell. The period is Φ 0 /2 near the vanishing field and Φ 0 around the field corresponding to an insulator-quantum Hall transition point or higher, where Φ 0 is the flux quantum h/e.
The former is similar to the Al'tshuler-Aronov-Spivak oscillation 4 in metallic cylinders in a weak localization regime, but actually quite different because it is observed in a strong localization regime and involves the oscillation of the localization length itself. This has been confirmed by numerical calculations based on a Thoulessnumber method. 5 The latter is similar to the AharonovBohm (AB) type oscillation, 6, 7 which is an oscillation of resistivity appearing around a magnetic field given by a commensurability condition of 2R c = a with R c being the classical cyclotron radius and arises from periodic orbits encircling an antidot.
7−10
The insulator-quantum Hall transition in homogeneous 2D systems has been intentionally studied concerning the behavior of extended states under mixing of the Landau levels. In strong magnetic fields states at the center of broadened Landau levels are extended, 11−13 while in a zero magnetic field all states are localized according to the scaling theory of localization.
14 A floating picture was proposed where all the extended states float up towards the infinitely large energy in a zero field limit 15, 16 and it was extended into a global phase diagram 17 including the fractional quantum Hall effect.
Various experimental
18−20 and theoretical 21−26 studies have been performed on this subject. Some recent studies based on a tight-binding model with short range random potentials, 27, 28 showed that extended states with positive Chern number 29, 30 merge another extended states with negative Chern number and disappear together, leading to the disappearance of all the extended states in the zero field limit. Some of latest studies have reported floating up of extended states in tight-binding models with disorder potentials of nonzero correlation length. 31, 32 The antidot lattice constitutes an intriguing prototype system for the study of such localization phenomena.
The purpose of this paper is to elucidate the localization effect in antidot lattices in magnetic fields. This paper is organized as follows. In Sec. II, the model and method are described. In Sec. III, numerical results are given and discussed. Finally, a summary is given in Sec. IV.
II. MODEL AND METHOD

A. Antidot lattice
We consider a 2D array of quantum-wire junctions as a model of antidot lattice. 5, 9 Figure 1(a) shows a model of a hexagonal antidot lattice where a system consists of quantum-wire junctions with an antidot labeled by 1 in the center and four antidots labeled by 2 to 5, constrictions between which are considered as leads. In this model transport in an antidot lattice is represented by a scattering (S) matrix given by combinations of S matrices describing scattering in each quantum-wire junction. Figure 1 (b) shows a single quantum-wire junction used in calculations of S matrices. We define an S matrix for not only traveling modes but also for evanescent modes because the constriction between neighboring junctions is not long enough for all evanescent modes to decay completely.
We use the potential of an antidot v(r) in the WignerSeitz cell at the origin given by
1) with U 0 being a maximum of the potential, a a lattice constant, β a parameter describing steepness of the potential, a 1 = ( √ 3a/2, a/2), and a 2 = (0, a). 2,3,5 Then, the potential V (r) of the antidot lattice is represented by
where R i is the ith lattice point. We define antidot diameter d from a potential profile of Eq. (2.1) at the Fermi energy along the directions of a 1 (or a 2 or a 1 −a 2 ). We set the upper limit of antidot potential as 1.5×E F , which is reasonable for the actual system with antidots realized by shallow holes on the surface of samples.
1
Two kinds of disorders are taken into account. One is impurity potential and the other a disorder in the antidot potential. The former is characterized by the mean free path l e in the absence of the antidot potential. The latter may arise from various fluctuations of each antidot potential such as its diameter, center position, shape, boundary roughness, and so on. Among these fluctuations, that of the center position is not considered to be large in typical systems with lattice constant ∼ 100 nm. The boundary roughness will be smeared out to large extent and not important because of the presence of depletion layers. Effects of fluctuations of the shape can be approximately included by fluctuations of the antidot diameter. Therefore, we consider fluctuations of the antidot diameter only as the representative source of the disorder. The fluctuation of the antidot diameter is introduced as follows. At first, a set of S matrices for quantumwire junctions with different values of the diameter of the centered antidot and those at the corners are calculated. Then, an S matrix for a whole antidot lattice is obtained by connecting S matrices for junctions with antidot diameters determined at random but in such a way that there is no discontinuous change in the potential profile.
We calculate an S matrix numerically for a quantumwire junction on a square lattice described by a nearestneighbor tight-binding model. The lattice constant a of the lattice is chosen to be a/a = 7, for which the system can simulate well an actual 2D electron gas in a continuum limit.
In a typical antidot lattice, the lattice constant is a = 2000Å and the electron concentration is n ∼ 2×10 11 cm −2 giving the Fermi wavelength λ F ∼ 500Å. Therefore, a/λ F = 3.77 is used in the followings. Further, we choose β = 2, d f /a = 0.035, and l e /a = 4, which are reasonable for realistic systems.
2,3 It should be noted that l e is longer than a.
In the absence of the disorder there are two channels (numbers of one-dimensional subbands below the Fermi level) between nearest-neighbor antidots for lattices with d/a = 0.7 and there is only a single channel for d/a = 0.8. The conductance of finite-size antidot lattices has been calculated through a direct recursive Green's function technique without introduction of S matrices.
2,3 The present S matrix formulation reproduces results of such direct calculations quite well, demonstrating the validity of the formulation itself. Such calculations show that the fluctuation in the antidot diameter is not effective in reducing the conductance itself (corresponding to the fact that it essentially acts as a long-range scatterer) but plays important roles in quantum interference effects. A set of S matrices for quantum-wire junctions is prepared such that five antidots can take three different values of the diameter, i.e., averaged, larger, and smaller, and three different kinds of impurity configurations are chosen for each antidot-diameter configuration. Each antidot lattice is given by a combination of S matrices randomly selected among 3 5 ×3 = 729 kinds of quantum-wire junctions.
B. Finite-size scaling
The localization length is calculated based on a finitesize scaling method. 33, 34 Using S matrices, we calculate the inverse localization length for infinitely long quasione-dimensional (1D) systems with periodic boundary condition in the direction of width. We define an S matrix S (n) for quasi-1D system with n slits as
with A and B being vectors consisting of amplitudes of out-going waves and in-coming waves, respectively, whose dimension is the number of modes, and the subscripts 1 and 2 indicating the sides of the system. Then, the inverse localization length α for a system with the width of L is given by
where the length of a slit is chosen as √ 3a and the trace is taken over elements for traveling modes.
Consider connection of a slit with S matrix T with an n-slit system with S (n) given by Eq. (2.3).
where elements of C and D are amplitudes of out-going and in-coming waves, respectively. Figure 2 shows the schematic illustration of the system. Connecting the side denoted by 2 of the long system with that denoted by 1 of a single slit, that is, imposing A 2 = D 1 and B 2 = C 1 on Eqs. (2.3) and (2.5), we get an S matrix for combined system consisting of n+1 slits as
where I is a unit matrix. Consider the off-diagonal element S
which is needed for the calculation of α(L). This is given by the product of S (n) 21 and a term including S (n) 22 and becomes exponentially small after a lot of combinations. However, we can always calculate S (n+1) 21 with the use of the normalized S (n) 21 . Because S (n+1) 22 , which is necessary for S (n+2) 21 in the next step of calculation, does not depend on S (n) 21 . Therefore, we can perform calculations of α(L) with high accuracy.
We determine the inverse localization length α 2D of a 2D system based on the scaling hypothesis 33, 34 that the dimensionless inverse localization length αL is represented by a single scaling function f (α 2D L) independent of the parameters such as randomness, i.e., l e and d f , and magnetic fields:
(2.8)
We shall leave the possibility of dependence of f on antidot potential parameters {V } such as aspect ratio d/a, the shape of the model potential, a kind of lattice structure, and so on. Under this scaling hypothesis we reduce each curve of the width dependence of α for various magnetic fields to a single common curve by a shift in the horizontal direction. The amount of the shift is proportional to the localization length in a 2D system. The absolute value of α 2D is not determined by this method alone because there remains an ambiguity corresponding to a multiplication of α 2D by a common scale factor. The common scale factor and therefore the absolute value of α 2D are determined in such a way that the geometric average of α 2D of finite-size scaling results near zero magnetic field, where localization is strong, is equal to that of the previous Thouless-number results. 5 In the case that the critical exponent is determined and very high accuracy is required, possible correction to scaling may have to be considered. 35, 36 In this paper we shall neglect such correction because we are interested in the rough position and qualitative behavior of critical magnetic fields.
In the following finite-size scaling analysis, we perform calculations for systems with width L/a = 8, 12, and 16 at all magnetic fields and in addition those for L/a = 4 in a strong localization regime and for L/a = 24 in a weak localization regime. Statistical errors of the numerical results for the localization length of each 1D system are < ∼ 3 %. Fig. 6 those for L/a = 24 in the weak localization regime are also plotted. In Fig. 5 the system-width dependence for d/a = 0.7 can be clearly seen though it is unclear in Fig. 3 . Figure 7 shows the results of scaling of the data in Figs. 5 and 6 where the data at integer values of Φ/Φ 0 are plotted for simplicity. In the case of d/a = 0.8 the data are well scaled into a single common curve and the finite-size scaling works well. In the case of d/a = 0.7 the finite-size scaling approximately works well, but there is some ambiguity in the weak localization regime, i.e., the region of small αL. Because the scaling function depends generally on the universality class, the inverse localization length for zero and nonzero magnetic fields should be analyzed separately.
III. NUMERICAL RESULTS
A. Scaling
37,35
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B. Localization oscillations
Near zero magnetic field, as can be seen in Figs. 8(b) and 9(b), the inverse localization length takes peaks at Φ/Φ 0 = 0 and 1/2, i.e., the localization becomes strong at these magnetic fields. This is considered to arise from the effective change of the universality class, 5 because an antidot lattice may approximately be regarded as a lattice described by a tight-binding model.
In the presence of a magnetic field, the system has no time reversal symmetry and belongs to a unitary class with η = 2 where η is the exponent indicating strength of the level repulsion in a random matrix theory.
38 At special magnetic fields of Φ/Φ 0 = n/2 with n = 0, 1, · · ·, however, the Hamiltonian is reduced to a real symmetric matrix and the system has time reversal symmetry and belongs to the orthogonal class with η = 1. In this case the localization becomes stronger.
The oscillations with a period Φ 0 are seen in the higher magnetic-field region of Φ/Φ 0 > ∼ 1 for d/a = 0.7 and Φ/Φ 0 > ∼ 6 for d/a = 0.8. In both cases the inverse localization length almost always takes a dip at the integer values of Φ/Φ 0 .
It is known that an AB type oscillation of the resistivity appears superimposed on the commensurability peak determined by the condition 2R c = a (corresponding to Φ/Φ 0 ∼ 6.5 in the present case). 6, 7 This AB type oscillation originates from periodic orbits encircling an antidot and its phase varies sensitively as a function of various parameters such as energy, confinement potentials, etc.
7−10
Therefore, the Φ 0 oscillation of the inverse localization length is not related to semiclassical periodic orbits but to a periodic change of the band structure similar to the so-called Hofstadter butterfly spectrum.
39 In fact, the butterfly spectrum always takes the largest band width when the flux passing through a plaquette is an integer multiple of the flux quantum Φ 0 . The large band width gives rise to a largest effective group velocity and therefore to a weaker localization effect.
In higher magnetic fields Φ/Φ 0 > ∼ 10 for d/a = 0.7, the period becomes slightly smaller than Φ 0 . It may be attributed to the fact that the band structure is modified by the strong magnetic field itself and the oscillation may deviate from the exact Φ 0 period.
C. Critical magnetic field
In the case of d/a = 0.8 shown in Fig. 9(a) , the inverse localization length takes a minimum at Φ/Φ 0 ∼ 8. The estimated localization length exceeds 5000 in units of a which is about 1 mm for typical lattice constant a = 2000 A, which is macroscopically large. Although it is quite difficult to draw a definite conclusion whether states are really extended or not, we can practically regard states to be extended at this magnetic field and the corresponding field as an insulator-quantum Hall transition point where the temperature dependence of the resistivity vanishes.
In the case of d/a = 0.7 in Fig. 8(a) , it is more difficult to determine such insulator-quantum Hall transition point because localization is weak in a wide magnetic field range due to weak confinement and the Φ 0 oscillation with the large amplitude. When this oscillation is averaged over, the inverse localization length seems to have a minimum at around Φ/Φ 0 ∼ 4.
In the following we shall consider the case d/a = 0.8 in more detail. Figure 10 Figure 10 (a) is the same as Fig. 4 and therefore, the magnetic field Φ/Φ 0 ∼ 8 is an insulator-quantum Hall transition point. In the case E/E F = 0.75 in Fig.  10(b) , α is nearly independent of the system size at about the same magnetic field Φ/Φ 0 ∼ 8. In addition to it, there seems to be another higher critical magnetic field at Φ/Φ 0 ∼ 33 where α takes a local minimum and does not depend on the system size approximately. It is confirmed that there are no other magnetic fields between 8 < ∼ Φ/Φ 0 < ∼ 33 where α does not depend on the system size. At E/E F = 0.625 in Fig. 10(c) , the lower critical field stays almost same while higher one becomes smaller to be Φ/Φ 0 ∼ 18. At E/E F = 0.5 in Fig. 10(d) , there is no critical magnetic field where α does not depend on the system size. Figure 11 shows the energy spectrum for d/a = 0.8 as a function of the magnetic field. The lowest three Landau levels (N = 0, 1, and 2) in the absence of the antidot potential are plotted by solid lines. It can be seen that energy bands converge to the Landau levels in the high magnetic field region. As the magnetic field is decreased, the energy bands deviate from the Landau levels toward the higher energy region and are broadened due to the existence of the antidot potential.
Open inverted triangles indicate the critical magnetic fields obtained in Fig. 10 . The states at higher critical magnetic fields of Φ/Φ 0 ∼ 33 at E/E F = 0.75 and Φ/Φ 0 ∼ 18 at E/E F = 0.625 are obviously associated with the extended states in the center of the lowest Landau level because they seem to belong to the energy bands which converge to the lowest Landau level in sufficiently high magnetic fields.
The dotted line in Fig. 11 shows a schematic illustration of the behavior of extended states obtained by an appropriate interpolation. In sufficiently high magnetic fields, an extended state lie near the center of the lowest Landau level. As the magnetic field becomes weak, its energy decreases but lies at a higher energy than the Landau-level center. At a critical field Φ/Φ 0 ∼ 8 it rapidly goes up in energy. No extended states associated with higher Landau levels are present below the Fermi energy. This is presumably because the higher Landau levels are more strongly affected by the antidot potential and their extended states are raised higher than the Fermi level.
Mixing between the Landau levels is essential for the insulator-quantum Hall transition. Therefore, a critical magnetic field is qualitatively expected to become larger for larger d/a because of a larger confinement and a stronger disturbance of Landau levels. Therefore, the smaller critical field Φ/Φ 0 ∼ 4 in Fig. 8(a) for d/a = 0.7 than for d/a = 0.8 is reasonable.
IV. DISCUSSION
Our numerical results for d/a = 0.7 can qualitatively explain recent experimental results of insulator-quantum Hall transition.
1 In experiments, the resistivity near zero magnetic field oscillates with a period Φ 0 /2 for about two periods, i.e., 0 < ∼ Φ/Φ 0 < ∼ 1. The oscillation was analyzed based on the variable range hopping and ascribed to the oscillation of the localization length. The numerical results show that the amplitude of the Φ 0 /2 oscillation is ∆α/α 0 ∼ 0.3 for d/a = 0.7 where α 0 is the localization length at zero magnetic field (the results of the finitesize scaling for Φ/Φ 0 = 0 and 1/2 being ignored). This is in reasonable agreement with the experimental results ∆α/α 0 ∼ 0.2.
1
With the increase of the magnetic field, the Φ 0 /2 oscillation disappears and a Φ 0 oscillation appears in experiments. The behavior of this change in the period from Φ 0 /2 to Φ 0 is qualitatively in agreement with the numerical results for d/a = 0.7. When the conductivity oscillates with the period Φ 0 , it takes peaks almost exactly at integer values of Φ/Φ 0 in the experiments. This is consistent with the numerical result that the localization length has a peak when Φ/Φ 0 is an integer. Further, the insulator-quantum Hall transition point of the calculated results for d/a = 0.7 is Φ/Φ 0 ∼ 4 in good agreement with the experimental results of Φ/Φ 0 ∼ 3.9.
In experiments a wide Hall plateau for the filling factor ν = 2 was observed but no plateau for higher filling factors, showing that extended states associated with the higher Landau levels never cross the Fermi energy. This is consistent with the behavior of extended states shown in Fig. 11 for d/a = 0.8, although the parameters are different.
Our results are considered to be general in the case of a sufficiently large aspect ratio d/a but may become inapplicable in systems with small d/a. In fact, the presence of two distinct oscillations of the localization length with periods Φ 0 /2 and Φ 0 is likely to be due to the strong confinement in antidot lattices with large d/a and may be obscured and disappear with the decrease of d/a. Such study for systems with smaller d/a is left as a future issue.
V. SUMMARY
In a summary, we have numerically studied localization in antidot lattices subjected to a perpendicular magnetic field. Two different kinds of oscillations of the localization length have been obtained. One is that with a period of Φ 0 /2 near zero magnetic field and the other that with a period of Φ 0 in higher magnetic fields. A critical magnetic field corresponding to an insulatorquantum Hall transition point has been obtained also. At a critical magnetic field the extended states are suddenly raised in energy and disappear in weaker fields. The results are in good agreement with recent experiments. Figure Captions  Fig. 1 . Schematic illustrations of (a) quantum-wire junction array as a model of hexagonal antidot lattice and (b) a single quantum-wire junction used in calculations of S matrix.
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Fig. 2.
Schematic illustration of connecting a long system with n slits to a system with a single slit. 
